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NUCLEAR ELASTIC ITY  APPROACH TO GIANT RESONANCES 
S .  Jang 
I n s t i t u t  des Sciences Nucle'aires, 38026 Grenoble Cedex, France 
Resume - La fragmentat ion des resonances g6antes monopolaire e t  quadru- 
j j6TZEe i sosca la i res  dans l e s  noyaux d6formGs a 6 t &  6tudiee dans l e  cadre 
de 1 ' e l a s t i c i t 6  nuc leai re.  
Abst ract  - The fragmentat ion o f  the  i sosca la r  g i a n t  monopole and quadrupole 
resonances i n  deformed nuc le i  has been studied w i t h i n  the framework o f  the  
nuclear e l a s t i c i t y .  
The present communication i s  concerned w i t h  the i sosca la r  g i a n t  resonances 
i n  deformed nuc le i ,  i n  p a r t i c u l a r  the  fragmentat ion o f  the g i a n t  monopole and 
quadrupole resonances. The model i n  which we have worked i s  the nuclear e l a s t i c i t y  
which has been proposed i n i t i a l l y  by G. Bertsch /1/ and a lso by C.Y. Wong /2/. 
The conception o f  the nuc lear  e l a s t i c i t y  i s  s t i l l  u n f a m i l i a r  w i t h  nuc lear  p h y s i c i s t s  
b u t  I w i l l  n o t  go i n t o  the discussion on the foundation o f  t h i s  model i n  the 
present  con t r ibu t ion .  
Because the  monopole operator  has no d i r e c t i o n a l  p ro jec t ion ,  the g i a n t  
monopole resonance can n o t  be s p l i t  i n t o  f r a ~ m e n t s  i n  deformed nuc le i .  However, 
been observed /3 /  t h a t  the g i a n t  monopole resonance has two components i n  
:kehTs4~m nucleus . The coupl ing between the monopole and quadrupole o s c i l l a t i o n s  
by means o f  nuclear deformation parameters can prov ide an explanat ion o f  t h i s  
phenomenon. 
The nuclear e l a s t i c i t y  approach t o  nuclear c o l l e c t i v e  motions, such as the 
g i a n t  resonances, i s  e s s e n t i a l l y  t o  consider the  nuc lear  mat ter  as an e l a s t i c  s o l i d  
body which can v i b r a t e  as a whole. As a mat ter  o f  f a c t ,  the fundamental equation 
o f  motion i n  t h i s  approach i s  the soca l led  Lame equation f o r  uniform, p e r f e c t l y  
e l a s t i c  medium: 
where h and p the Lam@ c o e f f i c i e n t s ,  the displacement vector  i n  the e l a s t i c  medium, 8 the body force and p the densi ty .  For the nuc lear  e l a s t i c  medium the  Lam& 
c o e f f i c i e n t s  are shown t o  be 
where m i s  the e f f e c t i v e  nucleon mass, k f  the Fermi momentum, and K the nuc lear  
compress ib i l i t y .  The problem i s  now t o  solve the Lame equation under appropriate 
boundary condi t ions.  For exemple, we can impose a simple boundary cond i t i on  which 
s ta tes  t h a t  the s t ress  components vanish on the nuc lear  surface. This boundary 
cond i t i on  together  w i t h  the assumption o f  constant densi ty  y i e l d s  an eigenvalue 
equation f o r  f ree  v ib ra t ions  of spher ica l  nuc le i .  This eigenvalue equation takes 
the form . , ,  
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1 ( a - l ) ( a t z )  4 - z a ( a - l ) ( a + z ) )  J a t l ( n )  + [-2+ 7+n 2 
~ ~ ( n )  l j L ( ~ )  =O , n 
2 
where 5 = AR and i- 2 = m R 0  2 2 , u b e i n g  t h e  f requency o f  v i b r a t i o n .  X +2u 0 !J 
T h i s  e igenva lue  equa t i on  may be compared w i t h  a  cor respond ing equa t i on  wh ich a r i s e s  
f rom t h e  w e l l  known boundary c o n d i t i o n  i n  t h e  hydrodynamical  model, namely, no f l ows  
across t h e  nuc lea r  su r face  Ro . T h i s  s ta tement  leads t o  
where k  i s  t h e  wave number i n  t he  hydrodynamical  equa t i on .  Once t h e  e igenva lues a r e  
known, t h e  g i a n t  resonance ene rg ies  f o r  s p h e r i c a l  n u c l e i  can be eva lua ted  u s i n g  t h e  
numer ica l  y a l  ues o f  t h e  Lam6 c o e f f i c i e n t s  f o r  wh ich  use o f  K=L=220 MeV and 
k  =1.3fm- y i e l d  a  c o r r e c t  o r d e r  o f  magnitude. Fo r  a  more p r e c i s e  c a l c u l a t i o n ,  i f  i s  necessary t o  i n t r o d u c e  a  r e a l i s t i c  p a r a m e t r i z a t i o n  o f  these q u a n t i t i e s  as 
w e l l  as t h e  e f f e c t i v e  nuc leon mass. M o d i f i c a t i o n  o f  t h e  boundary c o n d i t i o n  so as 
t o  i n c l u d e  su r face  t e n s i o n  and Coulomb i n t e r a c t i o n  improves c e r t a i n l y  t h e  numer ica l  
r e s u l t s  o f  t h e  g i a n t  resonance energ ies .  
F o r  deformed n u c l e i ,  however, t h e  problem i s  more comp l i ca ted  owing t o  t he  
d i f f i c u l t y  o f  s o l  v i n s  t h e  Lam6 equa t i on  i n  sphe ro ida l  coo rd ina te  systems. One 
method o f  o v e r c o m i n ~  t h i s  d i f f i c u l t y  i s  t o  app l y  f i r s t  t h e  v a r i a t i o n a l  p r i n c i p l e  
t o  t h e  equa t i on  o f  mo t i on  and then  s o l v e  i t  by assuming a  smal l  d e v i a t i o n  o f  nuc lea r  
f i g u r e  f rom t h a t  o f  t h e  s p h e r i c a l  nuc leus.  For  exemple, t h e  v a r i a t i o n a l  express ion 
fo r  t h e  s c a l a r  He lmho l t z  equa t i on  
2 2  ?$ t k $ = O ,  
i s  s imp ly  k  2  ,< j 1 ? $ l 2 d ~  
j l @ 1 2 d ~  
where k  i s  t h e  wave number. However, t h e  procedure o f  w r i t i n g  down a  s i m i l a r  
v a r i a t i o n a l  exp ress ion  f rom t h e  Lame equa t i on  i s  n o t  s t r a i g h t f o r w a r d .  A f t e r  a  
r a t h e r  l e n g t h y  c a l c u l a t i o n ,  we a r r i v e  a t  t h e  exp ress ion  
where e .  a re  t h e  s t r a i n  tensors  expressed here  i n  t h e  s p h e r i c a l  p o l a r  coo rd ina tes .  
For  exemljple, 
1 1 aur "8 1 
e12 = eZ1 = erg= ( -+ + - - -U a r  r e ) '  
where y and ug a r e  r e s p e c t i v e l y  t h e  r and 8 components o f  t h e  d isp lacement  
v e c t o r  u': 
F o r  cons tan t  dens i t y ,  t h e  Lame equa t i on  has an a n a l y t i c a l  s o l u t i o n .  When 
we i n t r o d u c e  t h i s  s o l u t i o n  as t r i a l  f u n c t i o n  i n t o  t he  v a r i a t i o n a l  equa t i on ,  t hen  
the  r i g h t  hand s i d e  reduces back t o  the  i n i t i a l  f requency f o r  s p h e r i c a l  n u c l e i .  
Fo r  deformed n u c l e i ,  t h e  upper l i m i t  o f  r a d i a l  i n t e g r a l s  i n v o l v e d  i n  t h e  v a r i a t i o -  
n a l  equa t i on  i s  n o t  a  cons tan t  r a d i u s  b u t  a  deformed one which i s  a  f u n c t i o n  o f  
angles as we1 1  as deformat ion  parameters.  Therefore,  t h e  exp l  i 1 c i  t e v a l u a t i o n  o f  
t he  r i g h t  hand s i d e  g i ves  an exp ress ion  which con ta ins  t h e  nuc lea r  deformat ion  
parameters i n  a d d i t i o n  t o  t h e  i n i t i a l  o s c i l l a t i o n  f requency.  The n u c l e a r  r a d i u s  
i s  now R = R ( 1  + E . )  , where E .  a r e  t h e  increments.  Assuming a  quadrupole 
deformat ion ,  OR can ' be expressad i n  terms o f  c o l l e c t i v e  v a r i a b l e s  as 
= -& (az0 7 &az2 , c 3  = 4 a Z O  . 
where fRm-Rh,, and gRm,Q,m, a re  the r e s u l t s  o f  i n t e g r a l s  eva lua ted  a l s o  up t o  
When we i n t r o d u c e  t h e  deformat ion parameters B and y ,  the ei becomes 
2  
ei = 4 B cos(y  - -in 1 .  3  2  Having performed a l l  angu lar  i n t e g r a l s ,  we ge t  a  s imple  r e s u l t  o f  w f o r  deformed 
n u c l e i  ; 
2 'R + d ~ S ~ m  
W = 
a~ + b ~ S ~ m  
3 
where aQ,bQ,cR and ddQ a re  t h e  r e s u l t i n g  r a d i a l  i n t e g r a l s  eva lua ted  up t o  f i r s t  
o r d e r  o f  t he  c o l l e c t i v e  v a r i a b l e s  ct . The cRm i s  t h e  geometr ica l  f a c t o r  a r i s i n g  
from t h e  nuc lea r  deformat ion and "which takes t h e  form 
2 1 I( a(a+l)-3m }e3 + Z ~ ( a + l ~ {  e3 + 2 ~ ~ ( ~ ) } 6 ~ ~ l  . <am = (~R-I)(ZQ+~) 
The geometr ica l  f a c t o r  vanishes f o r  t h e  monopole, t h a t  i s  f o r  R and m equal t o  zero. 
Therefore ,  t h e  s t a t i c a l  deformat ion a lone has no e f f e c t  on the g i a n t  monopole 
resonance, as was expected. 
F ig .1  shows an exemple o f  t h e  s p l i t t i n c j  o f  t he  i s o s c a l a r  ~ i a n t  quadrupole 
resonance i n  a x i a l l y  deformed n u c l e i  . 
Here the  o r d i n a t e  i n d i c a t e s  t h e  r a t i o  
o f  t h e  o s c i l l a t i o n  frequency o f  
deformed n u c l e i ,  W; , t o  t h a t  o f  SPLITTING OF GQR 
spher i ca l  n u c l e i ,  AS we see, A=ISO 
t h e  g i a n t  quadrupo lp2 ' resonance i s  11- 
s p l i t  i n t o  th ree  components accord ing 
t o  t he  values o f  rn. I t  i s  no t ed  t h a t  
i n  t he  p o l a r  diagram f o r  t h e  deforma- 
w:. t i o n  parameters B and y, t he  p o i n t s  62  64~-"'- 
l y i n g  on the axes correspond t o  
a x i a l l y  symmetric shapes and the  s i x  
d i f f e r e n t  p o i n t s ,  one i n  each sec to r ,  
f i r s t  o rde r  o f  c o l l e c t i v e  v a r i a b l e s .  The frequency w a r i s e s  from the  coup l i ng  and 
w i s  the i n i t i a l  f requency be fo re  coup l i ng .  We now remark t h a t  t h e  d i f f e r e n t i a t i o n  
'of t h i s  equa t i on  w i t h  r e s p e c t  t o  the v a r i a t i o n a l  parameters r must van ish i n  
accordance w i t h  t h e  requ i rement  o f  t h e  v a r i a t i o n a l  p r i n c i p l e .  " As a consequence, 
we o b t a i n  t h r e e  l i n e a r ,  homogeneous equat ions f o r  rim ; 
which are ob ta ined  by r e f l e c t i o n  i n  a9 
the  axes, rep resen t  t he  same shape o f  
t h e  nucleus. Therefore ,  the s e c t o r  
- 
a y = o  
b Y =n/3 
c y = n  
6 
(y=O,y=n/3) i s  e q u i v a l e n t  t o  the F ~ Q  1 a1 a2 03 04 
s e c t o r  (y=-21~/3,y=n) i n  the p o l a r  
diagram. Use o f  t h e  values y=O and 
IT s i m p l i f i e s  t h e  numerical  c a l c u l a t i o n .  
The c o u p l i n g  o f  t he  monopole o s c i l l a t i o n  w i t h  t h a t  o f  t h e  quadrupole can 
now be achieved by i n t r o d u c i n g  a  t r i a l  f u n c t i o n  o f  t h e  t ype  
+ + + + 
= roo uoo + r 2 0  u20 + r22 u22 ' 
where a re  t h e  s o l u t i o n s  o f  t he  Lam6 equat ion p r i o r  t o  c o u p l i n g  and TRm 
are theQm v a r i a t i o n a l  parameters. The f i r s t  t e rm descr ibes the  monopole o s c i l l a -  
t i o n  and two o t h e r  terms rep resen t  t he  quadrupole o s c i l l a t i o n s .  When we in t roduce  
t h i s  t r i a l  f u n c t i o n  i n t o  the  v a r i a t i o n a l  equat ion we g e t  
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where a . .  and b . .  are various f a c t o r s  r e s u l t i n g  from f a c t o r i z a t i o n s  o f  terms a f t e r  
d i f f e r e n t d a t i o n  J l t h  respect  t o  I'Rm and conta in the square o f  w. Here we have used 
the N i l sson  deformation parameter 6 i n  stead o f  6 . This system o f  equations has 
a non-zero s o l u t i o n  i f  and on ly  i f  the determinant const ructed w i t h  the fac to rs  
before the v a r i a t i o n a l  parameters, Too, r20 and dr2 vanishes. Therefore, the 
,7 
determinantal equation leads t o  a t h i r d  order  equation o f  wL; 
This cubic equation gives genera l ly  three r e a l  so lu t ions  f o r  p h y s i c a l l y  meaningful 
values o f  the deformation parameters 6 and y. 
Fig.2 shows the r e s u l t  o f  the 
coupl ing f o r  th ree  values o f  y, namely 
0" , 60" and 180". The numerical 
11- 
1. 
0/'o0 
a9 
before coupl ing,  whereas the lower 
component i s  near 64A-1/3 MeV which i s  
the g i a n t  quadrupole resonance energy 
f o r  spher ica l  nuc le i .  I t  i s  t o  be 
remarked t h a t  the  coupl ing i s  m e a n i n ~ f u l  
f o r  s u f f i c i e n t l y  la rge  values o f  6 and 
t h i s  i s  seen from the f a c t  t h a t  the 
coupl ing s t rength depends main ly  on the 
deformation parameter 6 .  Fig.3 shows the 
same c a l c u l a t i o n  b u t  f o r  the reg ion o f  
A=230. The general feature i s  very s i m i l a r  11 
t o  t h a t  o f  the reg ion o f  A=150. F ig .  4 
d isp lays the  r e s u l t s  o f  coupl ing i n  energy 
u n i t s  f o r  a f i x e d  value o f  6 ,  0.3. The 
g i a n t  monopole resonance energy before 
coupl ing i s  about a t  80A-1/3 MeV. A f t e r  1 
coup1 i ng , the lower component i s  now w,,, 
a t  63A-1/3 MeV f o r  p r o l a t e  nuc le i ,  whereas 
the h igher  component i s  a t  82A-1/3 MeV 
09- 
which i s  n o t  very much d i f f e r e n t  from the 
i n i t i a l  value before coupl ing. The posi -  
t i o n s  o f  energies f o r  y=60° and 180" are 
a lso shown. 
The coupl ing between the monopole 
and quadrupole o s c i l l a t i o n s  a f f e c t s  a lso  
the g i a n t  quadrupole resonance. F i  g.5 
shows how the g i a n t  quadrupole resonance 
energies ,which are already s p l i t  before S o I oe 03 04 
coup1 ing,  change t h e i r  pos i t i ons  a f t e r  FI 9 3 
coupl ing. Contrary t o  the g i a n t  monopole 
resonance, we have now a h igher  component 
which i s  new. Apart from the h igher  component, the o ther  components have no 
subs tan t ia l  d i f fe rence  from the i n i l t i a l  pos i t i ons .  
c a l c u l a t i o n  has been performed using 
FRAGMENTATION OF G M R  the  modi f ied eigenval ue equat ion which 
includes both sur face tens ion and 
Coulomb energy, and the  parameters f o r  
the Lame c o e f f i c i e n t s  are those o f  r e f 2 .  
.. 
- 
- 
pzn 
We see immediatly t h a t  the g i a n t  
monopole resonance i n  deformed nuc le i  
has now two components, h igher  and 
lower. The h igher  component i s  almost 
a t  the same energy as the i n i t i a l  energy 
GMR I N  DEFORMED NUCLEI 
Ener~y(A-VaMeV) 
A d 5 0  
8-0.3 
81.2 
82 8 1 . ( 1  
8 0  
69.8 
- 
64.3 
- 
62.8 
v =o y=+ Y = W  
betare CO"Pl~"0 a l t e r  c o u ~ l l o ( i  
GQR IN  OEFORMEO NUCLEI 
b before 
8a2 
7811 777 
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A detailed description of the nuclear e l a s t i c i ty  approach to  giant  resonances 
of deformed nuclei, including both s t a t i ca l  deformation and fa s t  nuclear rotation,  
will be published elsewhere. 
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